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Abstract. In the first part of the paper we give a definition of G 9 -function and we establish a regularity 
result, obtained as a combination of a q-analogue of the Andre- Chudnovsky Theorem [And89 VI] and 
Katz Theorem [Kat70 §13]. In the second part of the paper, we combine it with some formal ^-analogous 
Fourier transformations, obtaining a statement on the irrationality of special values of the formal g-Borel 
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1. Introduction 

A G-function, notion introduced by C.L. Siegel in 1929, is a formal power series y = X)n>o VnX n with 
coefficients in the field of algebraic numbers Q, such that: 

(1) the series y is solution of a linear differential equation with coefficients in Q(x) (condition that 
actually ensures that the coefficients of y are contained in a number field K); 

(2) there exist a sequence of positive numbers N n G N and a positive constant C such that N n y s is 
an integer of K for any < s < n and N n < C n ; 

(3) for any immersion K <->■ C, the image of y in C[[x]] is a convergent power series for the usual 
norm. 
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Roughly speaking, a G-module is a, a posteriori fuchsien, K (x) /if -differential module whose (uniform 
part of) solutions are G-functions {cf. |Bom81j . |CC85j . |And89| . [DGS94] ). More formally, if Y'(x) = 
G(x)Y(x) is the differential system associate with such a connection in a given basis, one can iterate 
it obtaining a family of the higher order differential systems ^j^^r(x) = Gi n ]{x)Y{x). Our differential 
module is of type G if there exist a constant C > and a sequence of polynomials P n (x) G Z[x], such 
that 

(1) P n (x)G[ s ](x) is a matrix whose entries are polynomials with coefficients in the ring of integers of 
if , for any s — 1, . . . , n: 

(2) the absolute value of the coefficients of P n (x) is smaller that C n . 

The unsolved Bombieri-Dwork's conjecture says that G-modules come from geometry, in the sense that 
they are extensions of direct summands of Gauss-Manin connections: the precise conjecture is stated in 
[And89, II]. Y. Andre proves that a differential module coming from geometry is of type G {cf. |And89[ V, 
App.]). More recently, the theory of G-functions has been the starting point for the papers [AndOOaj and 
[AndOOb] . where the author develops an arithmetic theory of Gevrey series, allowing for a new approach 
to some diophantine results, such as the Schidlovskii's theorem. 

The question of the existence of an arithmetic theory of ^-difference equations was first asked in 
[AndOOb] . A naive analogue over a number field of the notion above clearly does not work. In fact, let 
if be a number field and let q S if, q ^ 0, not be a root of unity. We consider formal power series 
y G -^f [M] that satisfies conditions 2 and 3 of the definition of G-function given above and that is solution 
of a nontrivial q-difference equation with coefficients in K(x), i.e. : 

a v (x)y(q v x) + a l/ - 1 y(q nu ~ 1 x) H h a (x)y(x) = , 

with ao(x), . . . ,a u (x) G if (x), not all zero. Then the following result by Y. Andre is the key point of 
[DV02] : 

Proposition 1.1 ([DV02] 8.4.1]). A series y as above is the Taylor expansion at of a rational function 
in if (x). 

Other unsuccessful suggestions for a ^-analogue of a G-function are made in [DV00, App.]. These 
considerations may induce to conclude that q-difference equations do not come from geometry over Q. 

Here we propose another approach: we consider a finite extension if of the field of rational function 
k(q) in q with coefficients in a field k. This is a very natural approach since in the literature, q very 
often considered as a parameter. Since if is a global field, we can define a G 9 -function to be a series in 
if [[a;]], solution of a (/-difference equation with coefficients in if (x), satisfying a straightforward analogue 
of conditions 2 and 3 of the definition above. As far as the definition of q-difference modules of type G 
is concerned only the places of if modulo whom q is a root of unity - that we will briefly call cyclotomic 
places - comes into the picture (cf. Proposition 13 . II below) . In fact, consider a g-difference system 

(1.1.1) Y(qx)=A(x)Y(x), 

with A(x) G Gl v (K(x)): its solutions can be interpreted as the horizontal vectors of a K (x)-free module 
M of rank v with respect to a semilinear bijective operator E g verifying T, q (f(x)m) — f(qx)Y> q (m) for 
any f(x) G K(x) and any m G M. We consider the q-derivation: 

f(qx) - fix) 



d q {f{x)) = 



(q-l)x 



and its iterations: 



d" 



" with [0]< =[1^ = 1 and [ n ) q = ^[n-l] q . 

We can obtain from (|1.1.1|) a whole family of systems: 

d n 

J ^ r Y(x) = G [n] (x)Y(x), 

l n \q 

where G\(x) — ^~jt~ and q q Z\ G[ n ] (x) = Gji] (x)G[ n _ij (qx) + d g G[„_i] (x). The fact that the denom- 
inators [n] q of the iterated derivations ^4r have positive valuation only at the cyclotomic places has 
the consequences that "there is no arithmetic growth" at the noncyclotomic places (cf. $3] below for a 
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precise formulation). Moreover, an important role in the proofs is played by the reduction of g-difference 
systems modulo a cyclotomic place: this means that we specializes g to a root of unity and we study the 
nilpotence properties of the obtained system. In characteristic zero, one automatically obtain an iterative 
g-difference module, in the sense of C. Hardouin |Har07j . 

The role played by the cyclotomic valuations, and therefore by roots of unity, points out some analogies 
with other topics: 

• The Volume Conjecture predicts a link between the hyperbolic volume of the complement of an 
hyperbolic knot and the asymptotic of the sequence J n (exp(2wr/n.)), where J n (q) is an invariant of 
the knot called n-th Jones polynomial. The Jones polynomials are Laurent polynomials in q such 
that the generating series J2 n >o Jn(q)x n is solution of a g-difference equations with coefficients in 
Q(q)(x) (cf. [GL05J): the situation is quite similar to the one considered in the present paper. The 
g-difference equations appearing in this topological setting have, in general, irregular singularities, 
differently from the g-difference operators of type G, that are regular singular. To involve some 
irregular singular operators in the present framework, one should consider some formal g-Fourier 
transformations and develop a global theory of g-Gevrey series, in the wake of |And00a| : this is 
the topic of the second part of the paper. 

• As already point out, an important role is played by the reduction of g-difference systems modulo 
the cyclotomic valuations. Conjecturally, the growth at cyclotomic places should be enough to 
describe the whole theory (cf. jj3]). It is natural to ask whether g-difference equations, that 
seem not to "come from geometry over Q", may have some geometric origin, in the sense of the 
geometry over Fi (cf. [Sou04| . |UU08p . 

Notice that in [Man08 , Y. Manin establish a link between the Habiro ring, which is a topological algebra 
constructed to deal with quantum invariants of knots, and geometry over Fi, so that the two remarks 
above are not orthogonal. 

* * * 

In the present paper we give a definition of Gq-functions and g-difference modules of type G. We 
test those definitions proving that a g-difference module having an injective solution whose entries are 
G-functions is of type G: that is to say that "the minimal g-difference module generated by a G-function" 
is of type G (cf. Theorem 14.21 below). We also prove that g-difference module of type G are regular 
singular (cf. Theorem 14. 1[) . These two results are the base for the development of a global theory of 
g-Gevrey series. 

In part two, we define global g-Gevrey series. Via the study of two g-analogues the formal Fourier 
transformation, we establish some structure theorems for the minimal g-difference equations killing global 
g-Gevrey series (cf. Theorems ll2.3l[i"2.4l and [12.6p . We conclude with an irrationality theorem for special 
values of of global g-Gevrey series of negative orders (cf. Theorem I13.6j) . 

This paper won't be submitted for publication since the results below can be obtained in a more 
direct way. Namely, one can prove that G 9 -functions are all rational (cf. |DVH09| ). Nevertheless, 
the construction of the coefficients of the g-difference module from an injective solution in the proof of 
Theorem 14.21 has an interest in itself, since it may be applied to other difference operators. 

Acknowledgements. I would like to thank Y. Andre, J-P. Bezivin and Y. Manin for the interest they 
have shown for my work. Of course, I'm the only responsible for the deficiencies of this paper. 

Part 1. Gj-FUNCTIONS AND g- DIFFERENCE MODULES OF TYPE G 

2. Definition and first properties 

Let us consider the field of rational function k(q) with coefficients in a fixed field k. We fix d e (0, 1) 
and for any irreducible polynomial v — v(q) G k[q] we set: 

1/(9)1, - , V/(g) G k[q) . 

The definition of | |„ extends to k(q) by multiplicativity. To this set of norms one has to add the g _1 -adic 
one, defined on k[q] by: 

|/(g)|,-i =c T^/( 9 ) ; 
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once again this definition extends by multiplicativity to k(q). Then the Product Formula holds: 



n 



/(<?) 



tjfiZv dc gg v (l) ( ord i.(5)/(9)-° rd i.(g)9(9)) _ ( ]deg q f(q)-dcg q g(q) 



/(?) 



9(1) 



For any finite extension K of k{q), we consider the family V of ultrametric norms, that extends the norms 
defined above, up to equivalence. We suppose that the norms in V are normalized so that the Product 
Formula still holds. We consider the following partition of V: 

• the set Voo of places of K such that the associated norms extend, up to equivalence, either | \ q 
or I \q-i> 

• the set Vf of places of K such that the associated norms extend, up to equivalence, one of the 
norms | \ v for an irreducible v — v(q) g k[q], v(q) ^ q. 

Moreover we consider the set C of places v s Vf such that v divides a valuation of k(q) having as 
uniformizer a factor of a cyclotomic polynomial. We will briefly call v £ C a, cyclotomic place. 

Definition 2.1. A series y = X)n>o^ n;E ™ ^ -^[Ml ^ s a G q -function if: 

(1) It is solution of a q-difference equations with coefficients in K(x), i.e. there exists ao(x), . . . , a v (x) G 
K(x) not all zero such that 

(2.1.1) a (x)y(x) + a 1 (x)y{qx) H h a v (x)y{q u x) = . 

(2) The series y has finite size, i.e. 



a(y) := limsup- ^ lo S + ( SU P ) < 00 > 



n— >oo 71 



where log + a; = sup(0, logx). 

We will refer to the invariant a as the size, using the same terminology as in the classical case of series 
over a number field. 

Remark 2.2. (1) One can show that this definition of G 9 -function is equivalent to the one given in 
the introduction (cf. [And89, I, 1.3]). 
(2) Let k(q) be the algebraic closure of k(q). A formal power series with coefficients in k(q) solution 
of a q-difference equations with coefficients in k(q)(x) is necessarily defined over a finite extension 
K/k(q). 

Proposition 2.3. The set of G q -functions is stable with respect to the sum and the Cauchy product 
Moreover, it is independent of the choice of K , in the sense that we can replace K by any finite extension 
ofK. 

Proof. The proof is the same as in the case of classical G-functions (cf. [And89, I, 1.4, Lemma 2]). □ 
The field K(x) is naturally a q-difference algebra, i.e. is equipped with the operator 

o~q : K{x) — > K(x) 

f(x) — > f(qx) ■ 

The field K(x) is also equipped with the q-derivation 

dq(f)(x) = lM-M, 

(q - l)x 

satisfying a q-Leibniz formula: 

d q {fg){x) = f(qx)d q (g)(x) + d q (f){x)g{x) , 

for any f,g € K(x). A q-difference module over K(x) (of rank v) is a finite dimensional iT(a;)-vector 
space M (of dimension v) equipped with an invertible a g -semilinear operator, i.e. 

Eq(f(x)m) = f(qx)E g (m) , 



^It may be interesting to remark, although we won't need it in the sequel, that the estimate of the size of a product of 
G-functions proved in [LAnd89] I, 1.4, Lemma 2] holds also in the case of G 9 -functions. 
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for any / G K(x) and m £ M. A morphism of g-difference modules over K(x) is a morphisms of K(x)- 
vector spaces, commuting to the g-difference structure (for more generalities on the topic, cf. [vdPS97j, 
[DV021 Part I] or [DVRSZ03p . 

Let M. = (M, Eg) be a g-difference module over K[x) of rank v. We fix a basis e of M over if (a;) and 
we set: 

E q e = eA(x) , 

with ^4(x) G Gl v (K(x)). An horizontal vector y G K(x) v with respect to S 9 is a vector that verifies 
y(x) = A(a;)^(gx). Therefore we call 

Y{qx) = Ai{x)Y{x) , with A x (x) = Aix)' 1 , 

the system associated to M. with respect to the basis e. Recursively we obtain the families of g-difference 
systems: 

Y{q n x) = A n (x)Y(x) and d^Y(x) = G n {x)Y{x) , 
with A n (x) G Gl v (K(x)) and G n (x) G M„(JC(;r)). Notice that: 

Ai(aQ - 1 
(g-l)z 

It is convenient to set Aq = Gq = 1. Moreover we set [n] 9 = g J^ 1 for any n > 1, [n]g = [n] g [n — 1] 
[0]' =land G [n] (*) = %R 



A n +i(x) = A„(gx)Ai(a;) , Gi(x) = — TT — and G n+1 (x) = G n (qx)G 1 {x) + d q G n (x) 



Definition 2.4. A g-difference module over K(x) is said to be of type G (or a G-q- difference module) if 
the following global q-Galockin condition is verified: 

a q c (M) = limsup ~ ^ log+ (sup \G [s] \ v Gauss ) < 00 . 

where 



" ^„ \s<n 

vac x — 



YjiiX 1 



_ SUp |Q£Uj 
v,Gauss ^VMv 



for all G K{x). 

Remark 2.5. Notice that the definition of G-g-difference module involves only the cyclotomic places. 

Proposition 2.6. The definition of G q -module is independent on the choice of the basis and is stable by 
extension of scalars to K'(x), for a finite extension K' of K . 

Proof. Once again the proof if similar to the classical theory of G-functions and differential modules of 
type G. □ 

3. Role of the "noncyclotomic" places 

Proposition 3.1. In the notation introduced above, for any q-difference module A4 = (M, E g ) over K(x) 
we have: 

a v)^ci M ) : = lims up - V log + ( sup |G [s] | ] < 00 . 

n vev f ^c ^ n J 

Proof. We recall that the sequence of matrices Gr n i satisfies the recurrence relation: 

n , G[n](qx)G 1 (x) + d q G [n ]{x) 

Since |[ra + l] g \ v = 1 for any v £ V f \ C, we conclude recursively that 

Gr„i _ < 1 , 

I r L \ I v, Gauss — ' 

for almost all places v G Vf \C For the remaining finitely many places v G Vf, one can deduce from the 
recursive relation there exists a constant G > such that Gui „ < G™. □ 

I L"-J I v, Gauss — 

We immediately obtain the equivalence of our definition of g-difference module of type G with the 
naive analogue of the classical definition of G-module (cf. |An d89 , IV, 4.1]): 
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Corollary 3.2. A q-difference module is of type G if and only if 

o-^Hm) := limsup- log + (sup|G [s] M < oo. 

n— >oc 17> \s<n J 

We expect the same kind of result to be true for G g -functions, namely: 

Conjecture 3.3. Suppose that y — ^2 n y ynX n £ -K"[[x]] is solution of a q-difference equations with 
coefficients in K ( cf. (|2.1.ip ). Then: 

<rv f ^c(y) = limsup - log + (sup \y s \ v j < oo . 

n— >oo Tl \s<n I 

The last statement would immediately imply that one can define G g -functions in the following way: 

Conjectural definition 3.4. We say that the series y = J2 n >o VnX n £ K[[x]] is a G q -function if y is 
solution of a q-difference equations with coefficients in K and moreover 



vcuv^ (y) = hm sup - ^2 lo § + ( SU P I Vs \v ) 



< oo . 



Remark 3.5. The fact that for almost all v £ V$ \ C we have \Gi n ](x)\ V! aauss < 1 f° r an Y n > 1 implies 
that for almost all v £ Vf \ C a "solution" y(x) — sup„ y n x n £ of a q-difference system with 

coefficient in K(x) is bounded, in the sense that sup n \y n \ v < oo. Unfortunately, one would need some 
uniformity with respect to v and n to conclude something about o~-p f ^c{y)- 
Notice that if is an ordinary point, the conjecture is trivial since 



n>0 



G w (0)a 



is a fundamental solution of the linear system Y(qx) = Ai(x)Y(x). A q-analogue of the techniques 
developed in |And89[ V] (cf. also |DGS94[ Chap. VII]) would probably allow to establish the conjecture 
under the assumption that is a regular point. This is not satisfactory because one of the purposes of the 
whole theory is the possibility of reading the regularity of a g-difference equation on one single solution 
(cf. Theorem 14.11 below) . so one does not want to assume regularity a priori. 

4. Main results 

A q-difference module (M, S 9 ) is said to be regular singular at if there exists a basis e such that the 
Taylor expansion of the matrix A\(x) is in Gl v (K[[x]]). It is said to be regular singular tout court if it is 
regular singular both at and at oo. We have the following analogue of a well-known differential result 
(cf. [Kat7Ql §13]; cf. also |DV02| §6.2.2] for q-difference modules over a number field): 

Theorem 4.1. A G -q-difference module A4 over K(x) is regular singular. 

Let y(x) = t (yo(x), y„_i(x)) £ K{{x]] L ' be a solution of the q-difference system associated to 
M. = (M, Eg) with respect to the basis e: 

y(qx) = A 1 (x)y(x) . 

We say that y(x) is an injective solution if yi(x), ... , y v (x) are lineairly independent over K(x). 
We have the following q-analogue of the Andre- Chudnovsky Theorem |And891 VI]: 

Theorem 4.2. Let y(x) = t (yo(x), y u -\(x)) £ K^x]]" be an injective solution of the q-difference 
system associated to M. = (M, S g ) with respect to the basis e. 

If yo(x), . . . , y v -\(x) are G q -functions, then M is a G -q-difference module. 

We can immediately state a corollary: 

Corollary 4.3. Let y(x) — t (yo(x), . . . , y v -\(x)) £ K^x\[ v be an injective solution of the q-difference 
system associated to M. = (M, S g ) with respect to the basis e. 

If y\(x), . . . , y v (x) are G q - functions, then A4 is regular singular. 

Thanks to the cyclic vector lemma we can state the following (cf. [SauOO, Annexe B]): 
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Corollary 4.4. Let y(x) a G q -function and let 

(4.4.1) a (x)y(x) + a 1 (x)y(qx) H h a v (x)y(q v x) = . 

a q-difference equation of minimal order v , having y(x) as a solution. 

Then (|4.4.ip is fuchsian, i.e. we have ord^ > ord x ao = ord x a v and deg x at < deg x ao = deg x a v , for 
any i = 0, . . . , v. 

The proofs of Theorem 14.11 and Theorem 14.21 are the object of §5] ail d El respectively. 



5. Nilpotent reduction at cyclotomic places 

We denote by Ok the ring of integers of if, k v the residue field of K with respect to the pace v, w v 
the uniformizer of v and q v the image of q in k v , which is defined for all places v G V . Notice that q v is 
a root of unity for all v G C. Let k v G N be the order of q v , for v G C. 

Let M. = (M, Ti q ) be a g-difference module over K(x). We can always choose a lattice M of M over 
an algebra of the form 

for some P(x) G 0jf[4 such that for almost all v G C we can consider the ^-difference module M v = 
M ®Ak v {x), with the structure induced by Yi q . In this way, for almost all v G C, we obtain a ^-difference 
module A4 V — (M v , over k v (x), having the particularity that q v is a root of unity. This means that 
a** = 1 and that E^j is a k v (cc)-linear operator. 

The results in [DV02, §2] apply to this situation: we recall some of them. Since we have: 

a% = \ + {q-\)^X^d^ 

and 

=l + (q-l) K -x^A^ , 



where A 9tj = 



q qv _i} X ) the following facts are equivalent: 



(1) E^ is unipotent; 

(2) A^j is a linear nilpotent operator; 

(3) the reduction of A Knj (x) — 1 modulo w v is a nilpotent matrix; 

(4) the reduction of G Kv (x) modulo vo v is nilpotent; 

(5) there exists n G N such that \G nKv (x)\ v Gauss < \zu v 



J v \ v ■ 



Definition 5.1. If the conditions above are satisfied we say that A4 has nilpotent reduction (of order n) 
modulo v G C. 

Remark 5.2. If the characteristic of k is and if \G Kll (x)\ v Gauss < |[K„] g |t,, the module A4 V has a 
structure of iterated q-difference module, in the sense of |Har071 §3]. In particular, if v is a non ramified 
place of K/k{q), then = |ra7„|„. 

The following result is a q- analogue of a well-known differential p-adic estimate (cf. for instance 
[DGS941 page 96]). It has already been proved in the case of g-difference equations over a p-adic field 
in [DV021 §5.1]. We are only sketching the argument: only the estimate of the q-factorials are slightly 
different from the case of mixed characteristic. 

Proposition 5.3. If M = [M, E 9 ) has nilpotent reduction(of order n) modulo v G C then 

l/r. 



limsup sup II, |G[, f 



l™\\v,Gauss) - l n7 X / " K "IK>]<?l« 1/Kv 



Proof. The Leibniz formula (cf. |DV02[ Lemma 5.1.2] for a detailed proof in a quite similar situation) 
implies that for any s G N we have: 

\GsnK v {x)\ v Gauss < W^L- 
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Since \Gi(x)\ vGauss < 1, for any m G N we have: 

Gr m i fx) 



| G [m](^) 



< 



v, Gauss ^ l^ultj 11 



Jg|U IL""J g 

where 



= max{a 6 Z : a < ^-}- The following lemma on the estimate of [m] q allows to conclude. 

□ 

Lemma 5.4. For v G C we have \[m] q \ v — \[n] \ v if n v \m and \[m] q \ v = 1 otherwise. Therefore: 

hm iKiy m = i[«„],iy'-. 

Proof. Let m > 2 and m = sk„ + r, with r, s G Z and < r < /c„. If k w does not divide m, i.e. if r > 0, 
we have 

[m] q = 1 + ?+••• + g™" 1 = + g K " M g + • • • + g sre " (1 + g + • • • + g^ 1 ) . 
Therefore |[m]g|„ = 1. On the other hand, if r = 0: 

[m], - (l + g K " + --- + <Z K ^ S - 1 )) [«„],. 

Since g Kl " = 1 modulo we deduce that 1 + g*" + • ■ • + g re,, ( s_1 ) = s modulo w v . Therefore 

IN<?L = MJM«L = • 

This implies that 

I NIL = M«l* . 

which allows to calculate the limit. □ 
We obtain the following characterization: 

Corollary 5.5. The q-dijjerence module M = (M, Y> q ) has nilpotent reduction modulo v G C if and only 
if 

1 'I G HL Gauss) <IM«I« 1/Kt '- 

Proof. One side of the implication is an immediate consequence of the proposition above. On the other 
hand, the assumption ([5.5. 1|) implies that 

limsupsup II, \G rn \ v Gauss J <1, 

which clearly implies that there exists n such that \G nK „ \ v _ Gauss < |w7t>|u- D 
We finally obtain the following proposition, that will be useful in the proof of Theorem 14.11 

Proposition 5.6. Let M be q-difference module over K(x) of type G. Let Co be the set of v G C such 
that M does not have nilpotent reduction modulo v. Then 



< +oo . 

vec Kv 



In particular, Ai has nilpotent reduction modulo v for infinitely many v € C. 

The proof relies on the following lemma: 
Lemma 5.7. The following limit exists: 



Km -log + ( sup I G [s] (x) I 



n->oc n \ s<n 



Gauss 
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Proof. The proof is essentially the same as the proof of [DV021 4.2.7], a part from the estimate of the 
q- factorials (c/. Lemma I5T41 above) . The key point is the following formula: 



mlLfalL di 



G[n+s]( x ) = £ f^Tff (G W (? s i))G H (i) 1 V«,n6N l 

i+i= n lS + nJ [JJ 9 

obtained iterating the Leibniz rule. □ 
Proof of Provosition \5.6\ The Fatou lemma, together with Lemma l5.7i implies: 

Ej™^ 10 ^ ( S "V\ G 14 X )\ V , Gauss) ^ foakf -E l0 § + ( 8 ^P| G W( 3: )L J Ga««) ^ °C ' M < °° ■ 



V s<™ / \s<n 



It follows from Corollary 15.51 that : 



and hence that 



log + [Mg|/ < ^ 



— — <°°> 

run 

vec 

since only a finite number of places of K/k(q) are ramified. □ 

6. Proof of Theorem 14.11 

It is enough to prove that is a regular singular point for M., the proof at oc being completely 
analogous. 

Let r G N be a divisor of v\ and let L be a finite extension of K containing an element q such that 
tf" = q. We consider the field extension K(x) ^ L(t), x H> V . The field L(t) has a natural structure of 
^-difference algebra extending the q-difference structure of K(x). Remark that: 

Lemma 6.1. The q-difference module M is regular singular at x — if and only if the q-difference 
module Mut) := {M ®K(t) L(t), Eg := Eg ® <jq) is regular singular at t = 0. 

Proof. It is enough to notice that if e is a cyclic basis for M, then e ® 1 is a cyclic basis for M.ut) an d 
Eg(e<g>l) = Eg(e)(g>l. □ 

The next lemma can be deduced from the formal classification of g-differeiice modules (cf. |Pra831 
Cor. 9 and §9, 3)], |Sau04l Thm. 3.1.7]): 

Lemma 6.2. There exist an extension L(t)/K(x) as above, a basis f of the q-difference module M.j,(t)> 
such that Eg/ = f B{t), with B(t) 6 Gl/j,(L(t)) , and an integer I such that 

{B^ Bi i 
B(t) = -jj- + -pfj- + ... , as an element of G7 M (£((£))); 
Bi is a constant non nilpotent matrix. 



Proof of Theorem \4-l\ Let B C L(t) be a q-difference algebra over the ring of integers Ol of L, of the 
same form as (|5.0.2|1 . containing the entries of B(t). Then there exists a £>-lattice N of M.L(t) inheriting 
the ^-difference module structure from M.L{t) and having the following properties: 

1. TV has nilpotent reduction modulo infinitely many cyclotomic places of L; 

2. there exists a basis / of N over B such that Eg/ = fB(t) and B(t) verifies (|6.2.ip . 
Iterating the operator Eg we obtain: 

(Dm \ 
^ m{e J 1} — + h.o.t.) 
q 2 x mi ) 

We know that for infinitely many cyclotomic places w of L, the matrix B(t) verifies 
(6.2.2) (B{t)B(qt) ■ ■ ■ B(q*"-H) - l)™ W = mod m w , 
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where zu w is an uniformizer of the place w, k w is the order q modulo zn w and n(w) is a convenient 
positive integer. Suppose that £ ^ 0. Then = modulo w w , for infinitely many w, and hence Bg is 
a nilpotent matrix, in contradiction with lemma RT21 So necessarily I = 0. 

Finally we have £<f(/) = / (So + h.o.t). It follows from (|6.2.1[) that Bo is actually invertible, which 
implies that M.L{t) is regular singular at 0. Lemma HO allows to conclude. □ 



7. Proof of Theorem 14.21 

7.1. Idea of the proof. The hypothesis states that there exists a vector y = t (yo, . . . ,y u -i) S -^[M]", 
which is solution of the g-difference system: 

(7.0.3) y(qx) = At(x)y(x) , 

and therefore of the systems d q y = G n {x)y and a q y = A n {x)y for any n > 1, having the property that 
yo, . . . , y v -\ are linearly independent over ii"(a;). We recall that 

G„+i(a;) = G n (qx)Gi(x) + d q G n (x) 

and that 

A n+ i(x) = A n (qx)A 1 (x) . 

Let us consider the operator: 

A = A 1 (x)- 1 o(d g -G 1 (x)) . 

We know that there exists an extension U of K(x) (for instance the universal Picard-Vessiot ring con- 
structed in |vdPS97[ §12.1]) such that we can find an invertible matrix y with coefficient in U solution 
of our system d q y = G±y. An explicit calculation shows that: 

d q ° y- 1 = fay)- 1 (d q - Gx(x)) = y^A^x)- 1 (d q - g 1 {x)) 

and therefore that: 

(7.0.4) A" = y o d\ l oy- 1 , for all integers n > 0. 

We set = [-jr^xp , for any pair of integers n > i > 0. The twisted g-binomial formula shows that 



.ii q 



< 1 for any v 6 Vf. 



The proof of Theorem 14.21 is based on the following g-analogue of [And89, VI, §1]: 
Proposition 7.1. There exist . . . , a„ 6 K such that for all P G -ftT[a:] 1/ and all n > we have: 



(7.1.1) G W P = ^^ . a^d^oA^xWiP), 



wji/i \ai(n)\ v < 1, /or any v G Vf and n > i > 0. 

Proof. The iterated twisted Leibniz Formula (c/. for instance [DVQ2] 1.1.8.1]) 

j=o V?/ g 
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implies 



\n\„ 



i=0 \- n, 1 



E i# f?) E ( "7 ' ) (4 oo) ° dr' o 



n— i 

' n — i 



t=Q Mq V 1 / q J=Q \ J / q 



1 " J (-1)'' fn\ (n-i\ jj(n) 



J=0 \i= m w g \ ^ 



E [^r^r ( B-tf ( n 7 J l ^ ) (4oo) ° o y- 1 ^) 



We have to solve the linear system: 

frf V * / n otherwise. 

For n = j we obtain = 1. We suppose that we have already determined ct^ , . . . , For n—j = k 

we get: 

fc-i 



E^ 1 ) 1 ^) ? i(n " fe) «i n) = (-l) k+1 a^q k ^ 



This proves also that |a4"^|u 1 f° r an t »£?/. □ 

For all P = *(P , . . . , P„ - 1) € If [a]" and n > we set: 

A" , — * . 
R n = ^ P 

Mq 

and: 

R<n> =\G) q Rri ( n ^ 1 ) q R n+ i . . . ( n+ ^ 1 ) q R n+u ^ij . 
Therefore we obtain the identity: 



Corollary 7.2. 

n 



i=0 

Mi 



Remark 7.3. In order to obtain an estimate of crip (Ad) we want to estimate the matrices G[„](x). The 

main point of the proof is the construction of a vector P, linked to the solution vector y of (|7.0.3j) . such 
that R <0> is an invert ible matrix. 

The proof is divided in step: in step 1 we construct P; in step 2 we prove that R <0> is invertible; step 
3 and 4 are devoted to the estimate of G[ n ](x) and of (.M). 

7.2. Step 1. Hermite-Pade approximations of y. We denote by deg the usual degree in x and by 
ord the order at x — 0. We extend their definitions to vectors as follows: 

degP(a;) = sup degP^x) , for all P = 1 (P (x), . . . , P„_i(x)) G K[x] v . 

i=Q,...,v-l 

ovdP{x) = inf ordPi(x) , for aU P = * (P {x), . . . ,P„-i[x)) £ K((x)) v . 

i=0,...,v— 1 
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Moreover we set: 



for all a n x n G if [ 



n>0 



Finally, for g(x) = J2 n >o9nX n G if [a;] and for y = Y, n >aV^ xn e ^[Ml" we set: 

h(g,v) = sup log + |g„ |„ , VueP, 

n 



and 



h(n,v) = sup log 4 " \y s \ v , VdgP. 



where |j7 s |t, is the maximum of the w-adic absolute value of the entries of y s . 

The following lemma is proved in [And89 ( VI, §3] or [DGS94, Chap. VIII, §3] in the case of a number 
field. The proof in the present case is exactly the same, apart from the fact that there are no archimedean 
places in V: 

Proposition 7.4. Let r G (0, 1) fee a constant and y — J2n>o VnX n S if [[a:]]". For all integers N > 
there exists g(x) G if [x] u having the following properties: 



(7.4.1) 
(7.4.2) 

(7.4.3) 



deg 5 (x) < N; 



ord(gy)< N >l + N- 



N- 



.l-T 



h(g) < const ■ 



1 -T 



vev 











In 1 ' 7 ' 


■•) 




V 





From now on we will assume that P(x) = (gy)<N- 
Proposition 7.5. Let Qi(x) 6 Vif[a;] fee a polynomial such that Q\(x)A^[ 1 {x) £ M„ xl ,(K[x]). We set: 

Qo = 1 and Q„(x) = Qi(x)Q n -i{qx) , /or a// n > I, 

and 

t = sup (deg(Qi(a;)Aj; 1 (x)),deg(3i(x)) . 

i/n < ^ — , then 

x n Q n (x)f^-(x)y(x)) = x n Q n (x)R n . 

t n J9 / <N+nt 

The proposition above is a consequence of the following lemmas: 
Lemma 7.6. For each n > we have: 

(7.6.1) x n Q n (x)R n (x) eK[xY; 

(7.6.2) degx"Q„(x) J R„(x) < N + nt . 

Proof. Clearly R = {gy)< N G if [a:]". We recall that there exist c^„ G if such that (cf. |DV021 1.1.10]): 



(-1) 
(Q-l) 



^—(a q - l)(a q -g)---(a q - q^) = ( _ ^ £ ^ , 



(9 
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for each n > 1. Therefore we obtain: 



x n Q n (x)R n = x n Q n ( x )yp{ r (y- 1 p) 



Q n {x)y 



1 n 

[n y iq _ 1)n T,^M x ) A ^( x K( p ) • 



Since Ai(x) — Ai(q l 1 x) • • • Ai(x), we conclude that x n Q n (x)R n £ K\x\ v and: 
degx n Q n (x)R n < sup deg (Q n (x)Ar 1 (x)a i (P) 

i=0,...,n v 

< sup (deg(Q l (x)A- 1 (x)) + degQ n _ i ( 9 i x) + dega*(F) 

i=0,. ..,n v 

< N + nt. 



Lemma 7.7. 



Proof. We have: 



ord ( x n Q n {x) d ^-{x)y{x) - x n Q n {x)R n ) > 1 + N + 







j > 1 + N + 






V 



x n Q n (x) , (x)y(x) - x n Q n (x)R n 

1 " 

= [n]'(g-l)" ^ Q ' n0 " (x) (^^W)^) - ^ (V ^ 
1 n 

Let i/, = Q i (x)^( 5 (a;))y( a ;) - Q^Aj 1 {x)a\{P). Since: 

^(aOQi^K (ffj) =Hi+i, 

by induction on Z we obtain: 

oidHi > ordi? ; _i > ord (g(x)y(x) - P(x)j > 1 + N + 



N- 



1-T 



□ 



□ 

7.3. Step 2. The matrix i? <0> . 

Theorem 7.8. Let y(x) — ' (yo(x), . . . , y v -\(x)) G AT[[x]] 1 ' a solution vector of NY = 0, such that 
yo (x) , . . . , y v —x (x) are linearly independent over K(x). Then there exists a constant (7(A), depending 
only on A, such that if 

P = t (P ...,P u . 1 )eK[x] v \{0} 

has the following property: 

orddet (J 2) ^ degP^) + C(A),Vi,j =Q,...,u-l, 



(7.8.1) 

i/ien i/ie matrix R <0> is invertible 



Remark 7.9. We remark that if we choose g as in Propositions 17.41 and 1 7 . 5 1 and P = (gy)<N, for N >> 
we have: 

N^—^ > C(A). 
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Therefore the condition (|7.8.1J is satisfied since: 



orddet ( Pl P A = orddet ( (m)> N \ > 1 + N + N L 



Vi) \ Vi Vj 

We recall the Shidlovsky's Lemma that we will need on the proof of Theorem 17.81 

Definition 7.10. We define total degree of S K(x) as: 

o g(x) V > 

f( x ) 

deg.tot— — = deg/(x) +degg(x) . 

Lemma 7.11 (Shidlovsky's Lemma; cf. for instance {DGS941 Chap. VIII, 2.2]). Let Q/K(x) be a field 
extension and let V C Q a K -vector space of finite dimension. Then the total degree of the elements of 
K(x) that can be written as quotient of two element ofV is bounded. 

Proof of the Theorem \7.8l Let y be an invertible matrix with coefficients in an extension IA of K(x) such 
that Ay = and let C be the field of constant of U with respect to d q . The matrix 



R 



<o> 



is invertible if and only if 

rank (y^R^) = rank (y^P, a q (V^p) , . . . , a^ 1 (^^)) 
is maximal. Let us suppose that 

rank(y _1 i? <0> ) = r <v . 
Then the q- analogue of the wronskian lemma (cf. for instance [DV02, §1.2]) implies that there exists an 
invertible matrix M with coefficients in C such that the first column of My^ 1 R <0> is equal to: 

Mr 1 p = ( K»i,.,i-i,o,.,o) . 

The matrix yM -1 still verifies the q-difference equation AY = 0, so we will write y instead of yM -1 , 
to simplify notation. We set: 

S n = yoal l oy- 1 P, Vn>0, 



g 

S <0> 

and 

y- 1 



( g d \ — I Sij Su> 

\bo,...,n v -i)-yg itj Svji 



y JL y.,v 
yj>L y.w 

where I = J = L = {0, 1, . . . , r - 1} and /' = J' = L' = {r, ...,v-l}. We have: 

y yZ){t t)«y-^ 

with A £ M rxu (K(x)), and therefore: 

yj' L Sij+yj, L 'Srj = o. 

Because of our choice of y, the vectors So, ■ ■ ■ , <SV-i are linearly independent over K(x), so by permutation 
of the entries of the vector P we can suppose that the matrix Su is invertible. 

Let B — Si'jSjJ . Since S <0> £ M„ XJ , (K(x)) is independent of the choice of the matrix y, the same 
is true for B. The matrix y is invertible and 

(yj>L y.i>L>) = yj>L> {-b i v - r ) , 

therefore the matrix Xr'i/ is also invertible and we have: 

b = -y;j} L ,y.vL . 

The coefficients of the matrix B can be written in the form £/r), where ^ and r\ are elements of the 
.ff-vector space of polynomials of degree less or equal to v — r with coefficients in K in the entries of 
the matrix y. By Shidlovsky's lemma the total degree of the entries of the matrix B is bounded by a 
constant depending only on the q- difference system A. 
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Let us consider the matrices: 










o •• 


• \ 




V\ 




o •• 





Qi = 


V2 





-yo • • 







\Vr-l 





o •• 


• -yo/ 



G M rxr (K[[x}}) 



and 



g 2 







-y \ 


J 



G M rxl/ _ r (K[[x}}) ; 



we set: 



T = (Qi Q 2 ) 



(Qi Q 2 )(5)Sjj. 



Let (&o, • • • j b r -i) be the last row of B. We have: 

dct (TSyJ) = det {Qx + Q 2 B) 

(y v -i-yobo -yah -y b 2 
2/i 

= det 



2/2 



-yo 
o 



o 

-yo 



-yo&r-i\ 





det 



\ Vr-l 


• • • -yo 


7 




(y v -i - yo^o - yih — 


-y r _i& r _i 


••• 


o \ 


yi 


-yo 


••• 





y 2 





-yo 





\ Vr-l 





o ••• 


-yo) 


)) r ~ {Vv-i - yob Q - yih 


Vr-lK-l) ■ 






since by hypothesis yo, . . 


. , y v -\ are linearly independent 


over j 



purpose is to find a lower and an upper bound for orddet {TSj}). 

Since the total degree of the entries of B is bounded by a constant depending only on A, there exists 
a constant d, depending on A and not on P, such that: 

orddet (TSyj) < C\ . 

Now we are going to determine a lower bound. Let: 

S n = * (S n fl, S nt 2, ■ • ■ , S n ^-i) , pour tout n > 0; 

then we have: 

^ <0> = ('^''■j)*,j€{0,l,...,i/-l} ' 

moreover we set: 

A x 1 = (A ii3 ) i je ^ 01 ^_ 1 y . 
The elements of the first row of T are of the form: 



det 



yv—i S sv — 1\ 

' pour s = 0,...,r - 1, 

yo * s ,o / 



and the ones of the i-th row, for j = 1, . . . , r — 1: 



dot ( Vl f s,i I , pour s = 0,...,r-l. 

vyo *s,o> 
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Since S n +i = A\(x) 1 a q (S n ) we have: 

det 

therefore: 



Vj S s+l,j) \Vj J2l A 3,l^q(Ss,l) 



Finally, 



inf ord det > (s + l)ordAi(ar)- 1 + inf orddet ( Vi ? 
id=0,...,v-l Ss+l,jJ i,i=0 I \Vj Pj 



ord det T>r{v- l)ordAi (a;) -1 + r inf ord det ( yi ^ 

j,i=o,...,i/-i -fj 



By Lemma 17.61 we obtain: 

ord det Si j < deg (numerator of det Sj : j) 

r-l 

< deg (numerator of Si) 

i=0 

— r(r — 1) 

< rdegP + i-^ — '-, 

We deduce that: 



ord det (TSj t ^j > ord det (T) - ord det (Si,j) 



> r ( {v- lJordAiCx) -1 + inf orddet ( 2/1 ^M-degP-i^ — ^ 

V t,j=o,...,i/-i yj/j -f-j/ 2 

> r Mnf ord det ^ - deg P^ + C 2 , 
where C2 is a constant depending only on A. To conclude it is enough to choose a constant C(A) > 



□ 



7.4. Step 3. First part of estimates. We set: 



y = 2J 2/n£™ , with y„ G A'" , 

n>0 

CT / (j/) = limsup - ( ^2 suplog+ \y s \ v ] , 
n y veVfS <n J 

&oo (y) = limsup - ( ^2 suplog + \y* s \ v ] . 

n-s-+oo n \ veV ^ s<n J 



We recall that we are working under the assumption: 



a{y) = limsup - ( V] h(n,v) ] = a f {y) + a^y) < +00 
,^+00 n y vev J 

and that we want to show that <j^(M) < 00. Since a^{M.) < a^'(A4), we will rather show that: 

a$(M) = limsup- ( h(M,n,v) \ < 00 , 

where: 



/i(A4 , n, v) = sup log + 

1 f / 

v : Gauss 

In the sequel g will be a polynomial constructed as in Proposition 17.41 For such a choice of g and for 
P = (yy)<Ar, the hypothesis of Corollarv l7.2[ Proposition 17.41 and Theorem 17.81 are satisfied. 
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Proposition 7.12. We have 



vH 



$){M) <* f (y)( — + t\+n+J2 1°S + l^i ( 

X) 1 1? , Gauss j 



where: 



n = lim sup — j v h(g,v) + log 



n— f+OD Tl 

Proof. We fix N, n » such that 
(7.12.1) 



n Qi(x) a(x) 



v, Gauss j 



Tl + V — 1 < 



JV1- 



Proposition [73] and Corollary 17.21 implies that for all integers s < n + v — 1, we have: 



(7.12.2) 
and: 

For all v eVf we deduce: 



dig 

x s Q s {x) 1 \{x)y{x) 



x s Qs(x)R s 



<N+st 



G [S ] = )^l r (A i ( a; )ii< i >) (i2<°>)- x . 



|G [S ] 



v.Gauss 



< sup 



i<s 



A—{ Al (x)R<*>) 
\s - 1\- 



adj i? 



<o> I 



I v.Gauss 



deti? 



<o> I 



I w, Gauss 



< ( sup |A i (x)i? < 



I v.Gauss 



v 7 Gauss 

adji? <0> 



v, Gauss 



i<s J r h'— 1 



deti? 



<0>| 



I v, Gauss 



< C[ v SUp Gauss SUp |-Rj |„, Gauss l Z ^( 2; )l t ,.C 



j<i/-l 



\Gauss ' 



where we have set: 
and 



Cl^, = SUp(l, \A 1 (x)\ v ,Gauss) 



A(x) = dctR <0> (x). 

Taking into account our choice of N and n and (|7.12.2p . for all i < n + v — 1 we have: 



Ri 



v, Gauss 



< 



< 



i( X )\v, Gauss Qi( X ) \v.Gauss \d\ v , Gauss iff) 



><N+it 



v.Gauss 



\9\v, Gauss 



<N+it 



V, Gauss 



therefore: 



sup s <„log + \G[s]\ VtGaus8 < nlogC hv J-h(N+(n + u-l)t,v) 

+(v - l)h (N+(v- l)t, v) + vh(g, v) + log+ |A I_1 



v, Gauss 



We set: 



A(x) = Rq A xQi(x)R\ A • • • A x v ~ 1 Q v -i(x)R l/ -i 
= x& i^[Qi{x)\ A{x). 

The fact that \Qi{x)\ v Gauss < 1 and x n Q n (x)R n £ K[x] v , for all integers n > 1, implies that | A(x)| 
\ A (.x)\ v .,Gauss> with M x ) e K[x\, and: 



Gauss 



< 



suplog + \ G[s] 

S < 71 



v, Gauss 



< nlogCi^ + h(N+ {n + v- l)t,v) 

+(v - l)h (N + [v - v) + vh{g, v) + log+ I A 



v, Gauss 
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Taking into account condition (|7.12.ip . we fix a positive integer k such that: 

v{v - l)t 

(7.12.3) 
Let us set: 



N _ vt T k-e n 
n 1 — t n 



for some e n G (0, 1) fixed. 



C 1 =Y J log + |Ai(a0| o 



and 



We obtain: 



n = limsup i [ v h(g,v) + £ log+ |A(x)| J, 

"-+°° n V ver f ver f ' / 



i— >+oo Th 



E sup log 



G. 



< 



< 



< 



\ii- 9 «ii/<p-i) 

/iV + (n + v - l)t 
<Tf(y) limsup I h (y — 1) 

n— 5-+QO \ ^ 
, , { vt , s vt \ 

°Av) + * + 1)337 J +Cl + 



\ 

7 



v : Gauss 

N+ {v - l)t 



n 



7.5. Step 4. Conclusion of the proof of Theorem 14.21 
Lemma 7.13. Let be as in the previous proposition. Then: 

< " - o-oc(y) + — — —C 2 + limsup -h(q) , 

1 - T 1 T n^ + oo n 



where 



C 2 = Ml + \q\v) 



d + n 



is a constant depending on the v-adic absolute value of q, for all v G "Poo- 

Proof. Let £ a root of unity such that: 

A(O^0^Qi(OVi = 0,...i/-l. 
Since |A(£)|„ < \ A(x)\ v .a aU ss for all v G Vf, the Product Formula implies that: 

E lo § + |aocL« < E lo § + l 5 «)L _1 < E lo s + |S(0L 

We recall that: 

A» = det (£ Qi(x)R! ■•• Q v -x{x)R v -x) 
and that for all s < z/ — 1, (|7.12.2p is verified. Moreover we have: 



7 

n>0 \ i+j+h=n x J ' 1 

where we have used the notation: 

for all P G and for all n G N, P n is the coefficient of x n in P. 



E ( E ew« (^) a) *» 

E E „• J ) 9s+jVh I 



□ 
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We deduce that <3s(£)-Rs(£) is a sum of terms of the type 

's + j 



(Qs 



j 



9s+jVhC 



with: 



0<s<v-l, < i < degQ s (x) , 

0<j<N,s + j<N, 0<h<N+(v-l)t. 



For all v G we obtain: 
with: 



< c v sup 

\s<j<N 



sup [y^l-y sup l^ l^ , 



h<N+(v-l)t 



j<N 



c v = sup 1, sup \(Q s (x))i\ % 

s = 

i=0 dog Q s 



Since \q\ v ^ 1, for all v £ Pqoj we have: 



(l-gJ)...(l- 9 *-»+l) 



< 



(1 - <f) ■ ■ ■ (1 - q) 

(i + Mi)---(i + igir a+i ) 

\l-\q\i\v-\l-\q\v\v 
(l + \q\ v y fl + \q\ v 



< < 



i + \q\i 



< 



i-kk 



if \q\ v < 1; 
if |g|„ > 1; 



hence: 



sup 

3 = 0, ... ,f — 3 
3=3, ...N 



< 



< 



sup(l + | g |„,l + |g|?) 

mfai-M.ui-Mr 1 !) 



J/-1 



in£(|l - |«W> II - M«l) 



We obtain the following estimate: 



Q s (0R s (0 

Finally we get: 
and therefore: 



inf(|l- M„|,|l-|g|S 

(l+M,)^- 1 ^ 



^ f 

"-ilv-l I 



, sup |^|„ ( sup |s 

V h<N+(v-l)t ) \j<N 



( 



sup \y h \i 



ifdl-I^Ul-lgir 1 !)^" \h<N+(?-i)t 
log + \%(£)\ v < const + Nv{v - 1)C 2 

-Ki/ -l) £ loginfdi-M.ui-ic- 1 !)^ 1 



sup 



where: 



c 2 = iog(i+i?w • 



We recall that by (|7.12.3j) . we have: 



N tv 
hm — = 



n— >+oo n 1 — T 
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and: 



So we can conclude since: 



limsup- Y, lo S + N^L.L^ < lim sup- J2 lo § + \ A &1 

< limsup f jV ^~ 1)C2 +- V h(g,v) + - V K(JV+(i/-l)t,t;) > ) 

~ ( "~ 1) C 2 + limsup [ - V + - V ft(JV+(i/-l)(t-l),«) 

1 — 1" n^v+oo \ n z — ' n — ' 



< T CToo(2/)H : C 2 + limsup- > h(g,v). 

l-T 1 - T ra->+oo n 



Conclusion of the proof of Theorem \4-2\ Proposition 17.41 implies that: 

limsup —h(g) < limsup — ( const H y* /i [ N + N . 

n^+oc n n^+oo U \ T V V 

< limsup- — --S^hlN + N- — T 

l-T ^ 1/ 1 - r x 

< i^er (y) limsup — MV + N 

l-T , _ / tv 



■ v 



< —va(y)^—+t 
which, combined with Propositions 17.121 and 17.151 implies that: 

o&J ( M ) ^ a M (t^~ + (v) t~~~ + * (y) - — ( 1 



r/ \ 1 — T / 1— T T \ 1— T 

\ 1 — T \T VT J J 1— T 

< a(^f^f^I + ^)-,t + tUlogC 1 + ^^C 2 

\ \ Z/ T 1 — T/ / 1— T 

The function — + -r^— has a minimum for 

v r 1—r 



for this value of r we get: 



1 / + J 4 - 95 for^>2 

^ T + l-ry + V v J ~ 1 5.9 forz/=l 

Finally we have: 



^(^)<logC 1 + ^-^C 2 



' a{y) (AMvH -vt + {t-l)) for v > 2 
<r(y)5.9i for z/ = 1 



where 

Cl = y log + {A^X^Gauss 

vev f 
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and 

C 2 = lo s(l + \9\v) • 

□ 

Part 2. Global q-Gevrey series 

8. Definition and first properties 

The notation is the same as in Part 1. We recall that if is a finite extension of k(q), equipped with its 
family of ultrametric norms, normalized so that the Product Formula holds. The field K(x) is naturally 
a g-difference algebra with respect to the operator a q : f(x) > f(qx). 

Definition 8.1. We say that the series f(x) = X^^Lo a n xTl <= ^"[N] i s a global q-Gevrey series of orders 
(si, S2) S Q 2 if it is solution of a q-difference equation with coefficients in K(x) and 

00 

„=0 [q * J {[n\ q ) 

is a Gg-function. 

Remark 8.2. We point out that: 

(1) The definition above forces S2 to be an integer, in fact the g-holonomy condition implies that the 
coefficients [n]' q 2 , for n > 1, are all contained in a finite extension of k(q). 

(2) Being a global g-Gevrey series of orders (si, S2) implies being a g-Gevrey series of order s\ + S2 
in the sense of |BB92| for all v € Too extending the g^ 1 -adic norm, i.e. for the norms that 



verify \q\ v > 1: this simply means that \q 2 \n\ q \ v as the same growth as \q\ v 
If v € Voo and |q|„ < 1, then |[n] g |„ = 1. Therefore a global q-Gevrey series of orders (s\,S2) is 
a g-Gevrey series of order si in the sense of [BB92J. This remark actually justifies the the choice 
of considering two orders, instead of one as in the analytic theory. 

In the local case, both complex (cf. |Bez92| . |MZ00j . |Zha99| ) and p-adic (cf. |BB92j ). the g-Gevrey 
order is not uniquely determined. The global situation considered here is much more rigid: the same 
happens in the differential case. 

Proposition 8.3. The orders of a given global q-Gevrey series X^Lo a ™ x ™ ^ -^H 2 -]] x K[x] are uniquely 
determined. 

Proof. Suppose that ^ n= global g-Gevrey series of orders (si,S2) and (ti,t s ). By definition 



\ " 



and > 



to ( q n -^) si (MX ' ^ (r*^)' 1 (K) 

have finite size. We have: 



n ' 



< 00 . 



53 / . M )\fa , 1 ,, t , a; " 53 (« 2 ) (['-j"-' / y - 

„=o (g^^J ([<) «=o (g 2 J 

One observes that having finite size implies having finite radius of convergence for all v € V, therefore 
for all v such that \q\ v ^ 1 we must have: 

hmsup [q 2 J ([nJ 9 J 

If jglt, > 1 this implies: 

hmsup |q| 2 v ^ " < 00 . 

71 — >OC 

Since for all v S such that \q\ v < 1 the limit limsup,,^^ | |« is bounded we get: 

lim sup I q I v 2 < " Sl tl -'<oo. 
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We deduce that necessarily si + S2 < h + i 2 and t\ < si, hence ti < si and s 2 < t 2 - Since the role of 
(ti, t 2 ) and (si, s 2 ) is symmetric, one obviously obtain the opposite inequalities in the same way. □ 

8.1. Changing q in q _1 . One can transform a ^-difference equations in a q~ ^difference equations, 
obtaining: 

Proposition 8.4. Let f(x) e if[[x]] &e a global q-Gevrey series of orders (— Si,— s 2 ) 6 Q 2 , t/ien /(x) is 
a global q -1 -Gevrey series of orders (si + s 2 , — s 2 ). 

In particular, if f(x) is a global q-Gevrey series of orders (t\, — t 2 ), w«i/i ti > t 2 > 0, then f(x) is a 
global q -1 -Gevrey series of negative orders (— (t\ — t 2 ), — 1 2 ). 

Proof. It is enough to write /(x) in the form: 



where a„x™ is a convenient G g -function. □ 

8.2. Rescaling of the orders. Clearly we can always look at a global q-Gevrey series of orders (s,0) 
as a global q'-Gevrey series of orders (s/t, 0), for any t e Q, t ^ 0, the holonomy condition being always 
satisfied: 

Lemma 8.5. Let ( £ i / 0. If f(x) = J2n°=o a nX n is solution of a q-difference equation then it is 
solution of a q l -difference equation. 

Proof. If f(x) is solution of a q-difference equation, then it is also solution of a q^-difference equation. 
Therefore we can suppose t > 0. Let t = with p,r E Z >0 . Since /(x) is solution of a q-difference 
operator, we have: 

dim K{x) Y K ( x ) a i (f( x )) < +°° ■ 

i>0 

Then: 

dim K{x) Y K(x)a l qP {f{x)) = dim x (x) Y K(x)a* (f(x)) < dim K(x) Y K{x)<j\ (f{x)) < +oo , 

i>0 i>0 i>0 

so f(x) is solution of a ^-difference operator. Finally we can conclude since J2i=o a i( x ) f (l pl x ) = 
implies that J2i=o a i( x ) / &" x ) = 0- □ 

Unfortunately, the same is not true for global q-Gevrey series of orders (0, s). To prove it, one can 
calculate size of the series 

«>o [q ' q,n 

where q is a r-th root of q, for some positive integer r, K = Q(q) and t is an integer. The Pochhammer 
symbols (q; q) l n and (q; q) n are both polynomials in q 1 / 2 of degree tn(n + 1) and rn(n + 1), respectively. If 
we want <fr(x) to have finite size, we are forced to take t < r, so that it has positive radius of convergence 
at any place v such that \q\ v > 1. Notice that $(x) is convergent for any place v such that \q\ v < 1 and 
that the noncyclotomic places give a zero contribution to the size. As far as the cyclotomic places of K 
is concerned, we obtain 

^ rn rn ^ 

(Tc(y) = hm sup — Y, ( I T. (k> r ) — * t ) log + d~ x ~ limsupy^ -((fc,r) - f) logcT 1 . 
The limit above is infinite. 
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9. Formal Fourier transformations 
The following natural two g-analogues of the usual formal Borel transformation 
(•)+: K[[x]} -> K[[z^}} 



n=0 



and 

(■)*: K[[x\] — > K[[z^]] 



2 a n z 



-n-l 



are equally considered in the literature on g-difference equations. From an archimedean analytical point 
of view, they are equivalent as soon as one works under the hypothesis that \q\ ^ 1 (cf. [MZOO, §8] and 
[DVZ07, Part II]). As already noticed in |And00b| . from a global point of view, (•)+ and (•)# have a 
completely different behavior: for the same reason the definition of global q-Gevrey series involves two 
orders. 

Let p = q^ 1 and let tr p : z4 pz, d p = 7~xpB The Borel transformations that we have introduced 
above have the following properties: 

Lemma 9.1. For all F — J2^=o a n xTl G -^[M] we have: 

(xF)+ = -pd p F+ , (d q F)+ = zF+ - F(0) , 
(xF)* = V -o v F* , (a q F)* = pa p F * . 

Proof. We deduce the first equality using the relation: 

All the other formulas easily follow from the definitions. □ 
For any q-difference operator J2^ =0 ai(x)a q £ K(x)[a q ] (resp. J2iLo bi(x)d q € K(x)[d q )) we set: 

V 

deg^ ai(x)a q — sup{i G Z : < i < v, ai(x) ^ 0} 

i=0 

(resp. deg^ bi(x)d q = sup{i £ Z : < i < v, hi{x) / 0} ) 
i=o ) 
Obviously we have K(x)[d q ] — K(x)[a q ] and deg d<j = deg^ (for explicit formulas cf. [DV021 1.1.10] and 
(|10.0.3p below). The previous lemma justifies the definition of the formal Fourier transformations below, 
acting on the skew rings K [x, d q ] and K [x, o~ q \: 

Definition 9.2. We call the maps: 

F q + :K[x, d q ] — > K[z,d p ] and T q # :K[x,a q ] — > K[^,a p ] 

d q i — > z a q i — > pa v 

x i — > -pd p x i — > j^ap 

the q + -Fourier transformation and the q# -Fourier transformation respectively. 



This notation is a little bit ambiguous and we should rather write <t p , z , d p , z , d q , x , etc. etc. Anyway the contest will 
be always clear enough not to be obliged to specify the variable in the notation. 
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Remark 9.3. Let F v : K[z, dp] — > K[x, d q ] and let A : K [x, d q ] — > K [x, d q ], d q H» — \d q , x M> — qx Then 
F~+ = Ao J" p+ . 

As far as T q # is concerned, if C — Yli=o a i(\) a p e ^ [*) <j p\ * s sucn that degi a, Q) < i, there exists 
a unique Af £ K [x, u q ] such that F q # (Af) — C and we note fF~# :(£) = A/". 

In the following lemma we verify that the formal Fourier transformations we have just defined are 
compatible with the Borel transformations (•)+ and (-)* : 

Lemma 9.4. Let F £ K[[x]] be a series solution of a q-difference linear operator Af £ K [x, d q ], such 
that v = deg rf? Af (resp. Af £K[x, a q ]). Then d v q _ x o F q+ {N)F+ = (resp. F q #{N)F# = 0). 
Inversely: 

(1) If F + is a solution of L\ £ K[z,d p ], then J-~ + (£i)F = 0. 

(2) If C 2 £ K [~,<t p ] is such that C 2 F* = 0, for all n £N, n » 0, we have: ^(cr™ o C 2 )F = 0. 
Proof. We prove the statements for (-) + . The proof for (■)* is quite similar. We write Af in the form: 

v N 

Af = Y G K [x, d q ] . 

3=0 i=0 

Lemma 19.11 implies that T q +(Af)F + is a polynomial of degree less or equal to v, therefore d v _ x o 
fF q +(N)F + — 0. Let us now write C\ as: 

v N 

C\ = aijz t d p £ K [z,d p ] . 

Then (^F~+(£i)F^j is a polynomial of degree less or equal to v. Hence we obtain: 

d; (j-- + 1 (a)f) + = ([-qxYF-^c^Fy = o 

and finally (-qx) u {d)F = 0. □ 

Remark 9.5. In the following we will use the formal Fourier transformations above composed with the 
symmetry S : z M> 1/x: 

S o F q + :K[x,d q ] — > K[~,x,d g ] and S o T q # :K[x,a q ] — > K[x,a q ] 



(9.5.1) d, 



1 > x a 1 ' > q a 1 



x 2 d, 



x i > q a q 



Notice that S o F q + (d q o x) — xd q . 

10. Action of the formal Fourier transformations on the Newton Polygon 
Let as consider a linear g-difference operator: 

(10.0.2) Af = J2a i (x)x i d q = Y > 

i=Q i=0 

such that bj(x),a,j(x) £ K[x\. Applying formulas [DV021 1.1.10], we obtain: 

3 



(10.0.3) 



Ed -«)¥ (i - 1)/2 feff) 



Therefore a 4 (x) = (1 - g )V<*-i)/2 £j =i (^(x). 

We recall the definition of the Newton-Ramis Polygon: 
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Definition 10.1. Let TV = Y^i=o o,i{x)x l d l q = J2i=o^ >i ( x ) a q ^ e sucn tnat ^A x )i a i( x ) e K[x). Then we 
define the Newton-Ramis Polygon of TV with respect to a q (and we write N RP& (A/")) (resp. with respect 
to d q (and we write NRP dq (Af))) to be the convex hull of the following set: 

U {(u,v) G K 2 : u = i,deg x bi(x) >v> oid x bi(x)} C R 2 . 
resp. U {{u,v) el 2 :ti< i, deg a.i(x) >v> ord x ai(x)} C 

ai(a:)/0 

For an operator with rational coefficient TV, we set NRP aq (Af) = NRP aq (f{x)M) and NRP dq (N) = 
NRPd (f(x)M), where f(x) is a polynomial in K[x] such that f(x)Af can be written as above. In this 
way the Newton-Ramis polygon is defined up to a vertical shift, so that its slopes are actually well-defined. 

Lemma 10.2. We have: 

NRP d (TV) = U {(u,v ) e M 2 : u < u a } . 

Proof. The statement follows from (|10.0.3[) . □ 

The following proposition describes the behavior of the Newton-Ramis Polygon with respect to F q + 
and J q # . 

Proposition 10.3. The maj|: 

NRP aq (TV) — ► NRP ap (T q# (TV)) / NRP dq (TV) — > NRP dp (J 7 3 + (TV)) N 

resp. 

(it, u) i — > (it + u, — v) \ (u,v) i — ► (u + V, — v) 

is a bijection between NRP aq (TV) andNRP ap (T q# (TV)) (resp. NRP dq (TV) andNRP dp {T q + (AT))). 
Proof. As far as is concerned, it is enough to notice that: 

v N \ v N 



bi.i 1 

«T(. 

j=0 j=0 / i=0 j'=0 



Let 



We have: 



v N 
i=0 j"=0 



i=0 i=o y 



gT [A — jL 

i=0 j=0 h=0 y V / q L Jg 

Then if (i, j - i) G NRP dq (Af) we have: 

(j -h,i-j)e NRP dp (F q+ (TV)) for aU /i = 0, . . . , j. 

The statement follows from this remark. □ 

By convention, the vertical sides of NRP„ (TV)) (resp. NRP d (TV)) have slope oo. The opposite of 
the finite slopes of the "upper part" of NRP Gq (TV) are the slopes at oo of TV while the finite slopes of the 
"lower part" are the slopes of TV at 0. 



^To make the notation clear, we underline that we denote NRP ap (^ q # (TV} J the Newton-Ramis Polygon of (TV) 
defined with respect to z and a v and NRP^ p [^F q + (A/)) the Newton-Ramis Polygon of F q+ (TV) defined with respect to z 
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Corollary 10.4. In the notation of the previous proposition, T q # (resp. J- q + ) acts in the following way 
on the slopes of the Newton-Ramis Polygon: 

{ slopes of NRP aq (AT)} — > { slopes of NRP„ p {F q # (TV)) } 
(resp. {slopes of NRP dq {Af)} — ► {slopes of NRP dp {F q # (AT))} ) 

\ , , A 

A ' ► ~T+A 

oo i ► —1 

11. Solutions at points of K* 

We have described what happens at zero and at oo when the Fourier transformations act. Now we 
want to describe what happens at a point £ G K* = P 1 (X) \ {0, oo}. 

To construct some formal solutions of our g-difference operators at £ 6 K* , we are going to consider 
a ring defined as follows (c/. [DV041 §1.3]). For any £ € K and any nonnegative integer n, we consider 
the polynomials 

T%(x, = X n (J-; q^j = (x- 0(x -qQ-(x- q^O . 

One verifies directly that for any n > 1 

d q T«{x,C ) = [n] q T«_ l {x,0 

and d q T^(x, £) — 0. The product T%(x, ^)T^(x, £) can be written as a linear combination with coefficients 
in K of T 9 (x, £), T-f (as, £),..., T% +m (x, £) (c/. |DV041 §1.3]). It follows that we can define the ring: 



- £]]« = < E a » T «M : On e # \ , 



n>0 

with the obvious sum and the Cauchy product described above, extended by linearity. The ring -K"[[:e— £]] g 
is a q-difference algebra with the natural action of d q . Notice that in general it makes no sense to look 
at the sum of those series. Nevertheless, they can be evaluated at the point of the set £g z ^°, and they 
are actually in bijective correspondence with the sequences {f(£,q n )}nei,> S C N . 

Proposition 11.1. Let Af G K [x, d q ] be a linear q- difference operator such that N RPd q {Af) has only the 
zero slope at then the operator J- q +Af has a basis of solution in K[[z — £]] p for all £ G K* . 

Proof. The hypothesis on the Newton Polygon of Af at oo implies that we can write Af in the following 
form 

v N 

Af=j2^2 a i,j xj 4' 

i=0 j=0 

with a^AT = for all i = 0, . . . , v — 1 and a v ^ ^ 0. This implies that the coefficient of dp in 

v N 

•VM = ^2^2a^{-pd P Y oz l 

i=0 j=0 
N-l v 

j=0 i=0 

does not have any zero in the set {(?"£ : n G Z>o}. Using the fact that d p TP(z,t;) = [n] p T^_ 1 (z, £) and 
that zTP(z, £) = Tf l+l (z : f) +p n £TP(z, £), a basis of solutions of T q + (£) in K[[z — £]] p can be constructed 
working with the recursive relation induced by T q + (C)y = on the coefficients of a generic solution of 
the form E„ £)• ' □ 



"^or equivalently, NRPj (Af) has no negative slopes. 
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Corollary 11.2. For any Af G K[z, d p ] (resp. Af G K[x, dq], Af £ K[z, d p ]) having only the zero slope at 
oo, the operator iF~ + (Af) (resp. S o T q + (Af), S o F~+(Af) ) has a basis of solution in K [[x — £]] for any 

Proof. The statement follows from the remark that T~+ (Af) = A o T p + (Af) and that the symmetry 
S : z i-)- \jx does not changes the kind of singularity at the points of K* . □ 

An analogous property holds for J-~# : 
Proposition 11.3. Let C — X^=o ai (z) °p e ^ [z> a p\ suc ^ ^ la ^ deg± ca(\) < i- We suppose that 

N — ordia^ [ — ) < ordia; ( — 
for alli = 0,...,v-M- Then fF~#(£) has a basis of solution in K[[x — for all £ G K* . 
Proof. We call a„.jv £ K the coefficients of - in a„ (-). Then we have: 

v-N-1 

F q ^(C) = J2 b t (x)^ q +a^ N x N o-^ N . 

i=0 

One ends the proof as above. □ 

12. Structure theorems 

Inspired by [AndOOa] . we want to characterize g-difference operators killing a global g-Gevrey series of 
orders (-si, -s 2 ), with (si, s 2 ) E Z := Q> x Z> s {(0, 0)}. 

The skew polynomial ring K(x)[d q ] is euclidean with respect to deg^. It follows that, if we have a 
formal power series y solution of a g-difference operator, we can find a g-difference operator C killing 
y and such that deg d C is minimal. All the other linear g-difference operators killing y, minimal with 
respect to deg dq , are of the form f(x)C, with f(x) E K(x). By abuse of language, we will call the minimal 
degree operator C E K[x,d q ] (resp. K[x, o~ q \) with no common factors in the coefficients the minimal 
operator killing y. 

Remark 12.1. Let y(x) G -K"[[x]] be a formal power series solution of the linear g-difference operator 
C q = ^2i=o a i( x ) cr q- We choose C q such that deg aq C q is minimal. Then for all positive integers r the 
operator C q i/ r — 53^=0 a i( x ) a q r i/r ^ s the minimal g^-diffcrcnce operator killing y(x). Moreover if A is a 
slope of NRP aq (C q ) (resp. NRP dq (C q )) then X/r is a slope of NRP aq (C q i /r ) (resp. NRP dq (C q i /r )). 
In fact, let C be a g 1//r -difference operator killing y(x), minimal with respect to deg CT . Then C q i/ r is 
a factor of C in K(x)[a q i/ r ], hence deg a 1/ C < r deg r7q C q . On the other side we have: 

dim K(x)^2 K(x)a ql/r (y) > dim K(x) ^2 K(x)cr q r 1/r (y) = dim K{x) K(x)a\ (y) , 

i>0 i>0 i>0 

therefore deg CT C > rdeg C q . 

We recall the statement of Corollary 14. 41 which is the starting point for this second part of the paper: 

Proposition 12.2. Let F G -K"[[x]] be a global q-Gevrey series of orders (0,0) and C G K[x,d q ] the 
minimal q-difference operator such that CF — 0. Then C is regular singular. 

Using the formal g-Fourier transformations introduced in the previous section, we will deduce the 
structure theorems below from Proposition 112.21 

Theorem 12.3. Let F G if [[x]] \if[x] be a global q-Gevrey series of orders (— S\, —82), with (si, s 2 ) G Z 
and C G K [x, d q ] be the minimal linear q-difference operator such that CF = 0. Then C has the following 
properties: 

- the set of finite slopes of the Newton Polygon NRP dq (C) is {— l/(s\ + s 2 ),0}; 

- for all £ G K* , the q-difference operator C has a basis of solutions in K[[x — 



or equivalently, that NRPd (S o C) does not have any positive slope. 
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Proof. Let us write the formal power series F in the form: 



where J^^l Gg-function. Let F(x) = J2^=o a nX n+S2 ; then the series F has finite size, therefore 

there exists a regular singular g-difference operator C G K[x,a q ] such that CF = 0. The polygon 
NRP aq (C) has only the zero slope (apart from the infinite slopes) . 
Let S be the symmetry with respect to the origin: 

S : x i — > 1/z 

0~q 1 > 0- p 

Remark that the operator o S (C) kill the formal power series X]^o ^f rX " +S2 ~ 1 - The P or yg° n 
NRPd p (S(C)) is obtained by NRPd q (C) applying a symmetry with respect to the line v = 0. It follows 
from Proposition 110.41 that the set of finite slopes of NRPd q S (C) ) is {0,-1}. Iterating s 2 times 
this reasoning, we obtain a q- difference operator C — J 7 ^ o S o • ■ • o J 7 ^ 1 o S (C), such that the set of 
finite slopes of NRPd q (^Cj is {0, — l/s 2 }. We obtain: 

= 0. 




Because of ij8.21 we can now suppose that si is actually a positive integer. We conclude the proof applying 
the same argument to C = (^J~~# o oS^j o ■■■ o (j 7 ^ ° S^j (a 7 * o£oi Sl J, for a suitable n G Z> , and to 

the Newton- Ramis Polygon defined with respect to a q . We know that CF = 0. 

The operator £ is a factor of C in K(x)[a q ]. We know (c/. for instance [Sau04|) that the slopes of the 
Newton Polygon of C at zero (resp. oo) are slopes of the Newton Polygon of C at zero (resp. oo). To 
obtain the desired result on the slopes of NRPd q (C) one has to notice that C must have a positive slope 
at oo because of |Ram921 Theorem 4.8]. As far as £ 6 K* is concerned, the operator C has a basis of 
solutions at £ in K[[x — (cf. Propositions II 1 . ll and [TT73|) . therefore the same is true for C. □ 



Proposition 110.31 implies that for a global g-Gevrey series of orders (— si, 0) we have actually proved a 
more precise result: 

Theorem 12.4. Under the hypothesis of the previous theorem, we assume that S2 — 0. Then C has the 
following properties: 

- the set of finite slopes of NP tTq (C) is {0, — 1/si}; 

- for all £ £ K* , the q-difference operator C has a basis of solutions in K[[x — £]] q . 

Changing q in q^ 1 we get the corollary: 

Corollary 12.5. Let F G \ K[x] be a global q-Gevrey series of orders (s\,— S2), with (s\,S2) G 

Qx Z, such that s\ > s 2 > and either Si ^ s 2 or s 2 ^ 0. Let C G K [x, a q ] be the minimal linear 
q-difference operator such that CF = 0. Then C has the following properties: 

- the set of finite slope of NPd p (C) is {0,1/si} 

-for all^G K*, the q-difference operator C has a basis of solutions in K^x — £]]p. 

Proof. It follows by Proposition 18. 4[ taking into account that when one changes q in the slopes of 
the Newton Polygon change sign. □ 

Following [AndOObj we can characterize the apparent singularities of such a ^-difference equation: 

Theorem 12.6. Let F G K [[x]] \K[x] be a global q-Gevrey series of 'orders (— si,— S2), with{si,S2) EZ. 
We fix a point £ G K*. For all v G V such that \q\ v > 1 we suppose that the v-adic function F(x) has a 
zero at £. Let C G K [x,d q ] be the minimal linear q-difference operator such that CF = 0. Then C has a 
basis of solution in 



oc 



(x - QK[[x - q£\] q = 1^2 a "( x _ : a " e K 

ln=l 
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The proof is based on the following lemma, which is an analogue of [AndOOb, Lemme 2.1.2] (c/. also 
[AndOObl Lemma 4.4.2]). 

Lemma 12.7. Let F be a global q-Gevrey series of orders (— Si, —S2), with Si, S2 £ Q>o x ^>o- We fix 
a point £ S K* . For all v £ V such that \q\ v > 1 we suppose that the v-adic entire function F(x) has a 
zero at £. Then G = (x — £) i* 1 is a global q-Gevrey series of orders (— Si, — S2)- 

Proof of Theorem \12.b\ We fix some notation: 



„=o q Sl [n]' q S2 Q S1 ^ [< S2 ' 

h(n, v, F) — sup \a s \ v and h(n, v, G) = sup \b s \ v . 



Since ^ = - J2 n >o t^ 7 ' we obtain 

x / n(n-l) fc(fc-l) \Sl / 



/ »(-i)J(>-D \«i / "g 1 ^ 



fc— n— 1„ 

ak 



k=0 



and therefore: 

limsup— /i(n, v, G) < limsup — h(n,v,F)+ . 

To conclude it is enough to prove that G is a local g-Gevrey series of order si + S2 for all v £ V such that 
l^lt, > 1. This follows from [R,am92. Prop. 2.1], since F and G have the same growth at oo, because F 
has a zero at £. □ 

Proof. Let G = (x — £) F and C be the minimal linear g-difference operator such that CF = 0; then 
Co (x — £) is the minimal linear (/-difference operator such that £ o (ir, — £)(G) = 0. By Lemma \1 2 . 71 and 
Theorem ll2.3[ £ o (a; — £) has a basis of solution in K[[x — q£}] q , therefore the operator C has a basis of 
solution in (a; — ^)K[[x — q£]} q . □ 

Once again, switching q into q -1 we obtain the corollary: 

Corollary 12.8. Let F £ K [[x]] \K[x] be a global q-Gevrey series of orders (si,— S2), withs\ 1 S2 £ QxZ, 
si > S2 > and either si 7^ S2 or S2 ^ 0. We fix a point £ £ A"*. For all v £ V such that \q\ v < 1 we 
suppose that the v-adic function F(x) has a zero at £. Let C £ K [x, d q ] be the minimal linear q-difference 
operator such that CF = 0. Then C has a basis of solution in 

(x-t)K[[x-pS]] p . 

Proof. It follows from Proposition 18.41 and Theorem 112.61 □ 
We conclude the section with an example: 

Example 12.9. Let us consider the (/-exponential series E q {x) = J2 n>0 |^jr, solution of the equation 

dqV = y- A classical formula (c/. |GR90} 1.3.16]) says that for \q\ v > 1 the series E q (x) can be written as 
an infinite product: 

00 / 1 — N 
^(^(-.(l-rta-^n 

k=0 ^ q 

hence E q (j^) = for all v such that \q\ v > 1. Let us consider formal q-series: 



x — , 
1-9 



Obviously, qd q G(x) — G(x) — and actually: 



('/,, Do [x-^-A G(x) = i^x-j—) (ad, - \)G{.r) = \). 



:S0 
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Since J2n>o Jnp~T% (x, jzr^J E K[[x — is a formal solution of qd q y = y, the series 



1- q) 2 [„]! T « ( X ' 1 
y/ n>0 L J « V 



6 x - 



1-9 



1-9 



is a formal solution of d g y = y. 



13. AN IRRATIONALITY RESULT FOR GLOBAL g-GEVREY series of negative orders 

In this section we are going to give a simple criteria to determine the g-orbits where a global g-Gevrey 
series does not satisfy the hypothesis of Theorem 112.61 We will deduce an irrationality result for values 
of a global g-Gevrey series F(x) E K[[x]] \ K[x] of negative orders. 

Remark 13.1. The arithmetic Gevrey series theory in the differential case has applications to transcen- 
dence theory (cf. [AndOOb ). In the global g-Gevrey series framework this can not be true, since the set of 
global g-Gevrey series has only a structure of fc(g)-vector space. We mean that the product of two global 
g-Gevrey series of nonzero orders doesn't need to be a global g-Gevrey series, as the following example 
shows: 



e q (xf 



V n=0 J 9/ n=0 \k=0 v 7 9/ 

^2 



H \„]\ ) 13 ( XI ( jj ) \ n ]\ 



In fact, because of the estimate at the cyclotomic places e q (x) should be a global g-Gevrey series of 
order (0, —1), while the local g-Gevrey order at places v E such that |g|„ > 1 is 2. For this reason a 
global g-Gevrey series theory can only have applications to the irrationality theory. 



Let 



and let Uq, 
Casorati matrix 



C = a u (x)a q + ■ ■ • + a\(x)a q + a (x) E K [x, a q ] , 
u v _i a basis of solution of C is a convenient g-difference algebra extending K(x). The 



U 



( Uq 
O q U Q 



U 



a q U V -\ 



is a fundamental solution of the g-difference system 

/ 



O-qU 







V- 



a„ (x) 

so that C = detU is solution of the equation: 



a q C 



ai(x) 
a v (x) 



a u {x) 



U. 



a v -i(x) I 
a v (x) I 



Notice that the "g-Wronskian lemma" (cf. for instance [DV021 §1.2]) implies that the determinant of the 
Casorati matrix of a basis of solutions of an operator C is nonzero. 

Proposition 13.2. Let F £ _ftT[[a;]]\A"[a;] be a global q-Gevrey series of orders (— S\,— S2), withs\,S2 E Z. 
We fix a point £ E K* . Let C = a v (x)o~ q + • • • + a\(x)a q + ao(x) E K [x, a q ] be the minimal q-difference 
operator such that CF — 0. If F(x) has a zero at £ for all v such that \q\ v > 1, then there exists an 
integer m > such that g'™£ is a zero of ao(x). 

Proof. The determinant of the Casorati matrix of a basis of solutions of C satisfies the equation 

a (x) 
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On the other hand we know that C has a basis of solution uo, . . . , u v -i € (x — £)K[[x — q£]]. This 
means that the itj's are formal series of the form J2 n >i a nT%(x,£), for some a n £ K, Since (qx — £,) = 
q(x — q" -1 ^) + {q n ^ one obtain that 

] a^z, J = gai + £ (<f + <z" +1 a„ + i£(<z" - 1))) T^x, . 

K n>l J n>l 

This implies that the determinant C of the Casorati matrix of uq, . . . , is an element of (x — ^)K[[x — 
q£]]q. Let m > 1 be the larger integer such that C £ T^(x t £)K [[x — <f n ^\} q - The formula above implies 
that a q U £ T r q n _ 1 (x,C)K[[x - q™- 1 ^ \ T^{x,£)K[[x - q m £]] q , and therefore that g™-^ is a zero of 
a (x). □ 

In the same way we can prove the following result: 

Corollary 13.3. Let F £ if [[x]] \-ftT[x] be a global q-Gevrey series of orders (s±,— S2), withsx,S2 £ QxZ, 
si > S2 > and either s± ^ S2 or S2 7^ 0. We /ix a poirii £ S if*. Le£ £ = a„ (x)<7g +■ • •+ai(x)o", J +ao(x) £ 
if[x, <7 g ] 6e i/ie minimal linear q-difference operator such that CF = 0. If F{x) has a zero at £ /or all 
v £ V such that \q\ v < 1 then there exists an integer m < ~v such that q m £ is a zero of a„(x). 

Proof. It follows from Proposition 18.41 that F(x) is a global q -1 -Gevrey series of negative orders (— (s% — 
s 2), ^52) and the minimal linear q~ ^difference operator killing F(x) is a v ((f~ u x) + • • • + a\{(f~ u x)a v z} + 
a^q- v x)a v q . 1 . * □ 

Example 13.4. Let us consider the field K = k(q) and the Tchakaloff series: 



T q (x) = J2 



„n(n-l)/2 ' 
n>0 H 

Together with E q (x), T q [x) is a q-analogue of the exponential function. The minimal linear q-difference 
equation killing T q (x) is 

£ = (a q - 1) o (<7 g - qx) = (a q - q 2 x) o (a q - 1) = a\ - (1 + q 2 x)a q + q 2 x . 

Notice that l,T g (x) is a basis of solutions of C at zero. We conclude that T q (£) ^ for all £ € K*, as 
the value a q _1 -adic entire analytic function, i.e. the hypothesis of Theorem 112.61 are never satisfied. 

In particular, let K — k(q), where q r = q for some positive integer r. For any £ £ k(q), £ ^ 0, the 
q _1 -adic value T q (£) of T q (x) at £ can be formally written as a Laurent series in fc((q -1 )), which is the 
completion of k(q) at the q _1 -adic place. The theorem above says that T q (£) cannot be the expansion of 
a rational function in fc(q). In fact, if it was, there would exists c £ k(q) such that T q {x) + c has a zero at 
£ and is solution of C. This would imply that C has a basis of solutions having a zero at £, against the 
fact that the constants are solution of C. 

As in [AndOObj. we can also deduce a Lindemann-Weierstrass type statement: 

Corollary 13.5. Let K = k{q), where q is a root of q. We consider the q- exponential function e q (x) — 
S«>o an d a se t °f element ai,...,a r £ K, which are multiplicatively independent modulo q z (i.e. 

oq ■ ■ ■ af H q z = {1} ). Then the Laurent series e q (ai£), . . . , e q {a r ^) G fc((q -1 )) are linearly independent 
over k(q) for any £ £ K* . 

Proof. It is enough to notice that e q {a\x), . . . , e q (a r x) is a basis of solutions of the operator 

(d q — a\) o • • • o (d q — a r ) . 

If there exist Ai,...,A r £ K such that Aie g (ai^) + • • • + X r e q (a r ^) = 0, then e 9 (a^) = for any 
i = 1, . . . , r, because of Theorem 112.61 Since e q (x) satisfies the equation y(qx) = (1 + (q — \)x)e q {x), we 

deduce that £ E (iJq) a . 1 f° r an y * = 1, • • • ,r. The last assertion would imply that ctiaj 1 £ q z for any 
pair of distinct against the assumption. □ 



We can deduce by Theorem 112.61 an irrationality result for all global q-Gevrey series F(x) such that 
zero is not a slope of the Newton Polygon at 00 of the minimal q-difference operator that kills F(x): 
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Theorem 13.6. Let k{q) be a fixed algebraic closure of k(q) and K C k(q) the maximal extension of 
k(q) such that the q~ 1 -adic norm of k(q) extends uniquely to K. 

Let F(x) £ -f^H^]] \ K[x] be a global q-Gevrey series of orders (— si, — 52), with (si, S2) G 2, and £ the 
minimal linear q-difference operator such that £F(x) = 0. We suppose that zero is not a slope of £ at 
00. Then for all £ G K* the value of the q~ 1 -adic analytic entire function F(x) is not an element 
of K (but of its q~ 1 -adic completion). 

Before proving the theorem, we give an example, which illustrates the proof: 

Example 13.7. Let us consider the (/-analogue of a Bessel series 

The series B q (x) is solution of the linear q-difference operator (xd q ) 2 — x that can be written also in the 
form: 

£ = a\ - 2a q + (l-(q- Ifx) . 

There is a unique factorization of a linear q-difference operator linked to the slopes of its Newton Polygon 
(c/. |Sau04j ): we deduce that £ is the minimal (/-difference operator killing B q (x) from the fact that the 
only slope of the Newton-Polygon of £ at 00 is —1/2. We conclude that B q (£) = for all v such that 
\q\ v > 1, with £ £ P 1 ^), implies £ = q m / (q — l) 2 for some integer m > 2. 

Let K — k(q), with cf — q for some positive integer r. In this case the <f -adic norm is the only one 
such that \q\ v > 1. For any c £ K we have: 

{qa q - 1) o £(B q {x) + c) = . 

One notices that the slopes of the Newton Polygon of (qa q — 1) o £ at 00 are {0, —1/2}, therefore we 
deduce from the uniqueness of the factorization that {qu q — 1) o £ is the minimal q-difference operator 
killing B q {x) + c. Since constants are solutions of (qo~ q — 1) o £, Theorem 112.61 implies that no solution of 
(qo~q — 1) £ can have a zero at any point £ £ K* as q _1 -adic holomorphic functions. This means that 
the function B q (x) + c cannot have a zero as a q _1 -adic analytic function at £ £ K*, which means that 
B q (x) takes values in ^((q^ 1 )) \ k(q) at each £ £ K*. 

Proof of Theorem[TEM Let c G K, c ^ 0, G(a;) = F{x) + c, C = Y,Li a ^ x ) d q e ( res P- 
Af = J2j=i bj(x)d 3 q e ^[^) ^?]) be the minimal q-difference operator killing F(x) (resp. G(x)). Of course 
we may assume that a,i(x),bj(x) G K{x) and a^(a;) = 6^(2;) = 1, and that everything is defined over a 
finite extension K C if of fc(q). 
Since: 

_ (^MW \ o = Q and / _ <^M>) Q = Q 

we must have v — l<fj,<v + X. Let us suppose first v = /i. Then 



d c= ( d ^OM), ^ 

a (x) J V °o{ x ) ) 

since they have the same set of solutions and they are both monic operators. By hypothesis, zero is not a 
slope of the Newton Polygon of £ at 00, while [d q — ^^j^ J has only the zero slope at 00: we conclude 
by the uniqueness of the factorization that £ = Af. We remark that the equality £ = Af implies that 
constants are solutions of £ and that £ has a zero slope at 00, hence we obtain a contradiction. So either 
\i = v— I ax /j, = v + 1. If fi = v — 1, then 

V b o( x ) J 

since both £ and A/" are monic. Once again, constants are solution of £ and this is a contradiction. 
Finally, we have necessarily /i = v + 1 and 
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Let us suppose that there exists £ G K* , such that F(x) takes a value in K at £, as g _1 -adic analytic 
function. Then all the solutions of TV would have a zero at £ against the fact that the constants are 
solutions of TV, hence ^ is not in K. □ 
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